Abstract. Constitutive equations of magnetostrictive smart materials involving mechanical and magnetic fields are presented via Hamilton's principle. Finite element equations are used to solve the equations of motion subjected to different force inputs. Magnetostrictive (CoFe2O4) layers mounted on the root of cantilever beam is considered as the case study to obtain the displacement and magnetic response both in the X and Y directions when subjected to sinusoidal and step force inputs. Fast Fourier Transformation (FFT) technique is also employed to obtain the Power Spectral Density (PSD) of displacement and magnetic responses in both X and Y directions.
Introduction
In many physical problems, coupled fields namely mechanical, electrical and magnetic effects occur simultaneously. Due to inherent complexity, relatively few solutions to such coupled field problems are available in the literature. When electrical field is not considered then it leads to the phenomenon of magnetostriction. Recently for sensing and control of flexible structures such as beams, shells and plates, a magnetostrictive material is being used as it is sensitive to the dynamic characteristics of the structures on which it is mounted.
In general, the phenomenon of magnetostriction is defined as the relation between mechanical and magnetic fields in a body. This phenomenon was discovered by Joule in 1842 [1] . Some magnetostrictive ceramics can be listed as CoFe 2 O 4 , Ni, Alfenol and TerfenolD. Thin films with high magnetostriction are very attractive for active mechanical actuators. The modeling of magnetostrictive thin films and application to a micro membrane was presented by Body et al. [1] . Various piezoelectric/magnetostrictive composite combinationswere formed by Avellaneda and Harshe [2] to calculate the magnetoelectric coefficient and parameters which characterize the efficiency of energy conversion among the layers.
A hybrid device composed of a magnetostrictive film on a piezoelectric substrate was described by Arai et al. [3] . The changes in the properties of the magnetostrictive film were observed as a result of electrical field applications on the piezoelectric substrate. The research pertaining to magnetostriction has increased to a considerable extent over the last decade due to its excellent capabilities of system sensing and control. The variational formulation in terms of magnetic vector potential and displacement is solved for 2D and 3D cases by Besbes et al. [4] .
A numerical simulation scheme for magnetostrictive transducers based on magnetic vector potential formulation was proposed by Kaltenbacher et al. [5] . They observed that the coupling of magnetic and mechanical systems induce mechanical strains and permeability changes. Experimental result comparison with the simulations performed for rod actuator gave reasonably accurate results. The deformation of the magnetic material caused by magnetostriction was represented by an equivalent set of mechanical forces by Delaere et al. [6] . The resulting magnetostriction force was superimposed on other force distributions and is the key to the coupling of the magnetic and the mechanical finite element systems. 2D tensor finite element model was used to evaluate force components in magnetostrictive phenomenon by Mohammed [7] . The strains developed due to the presence of magnetic field generates electrical or mechanical forces that are undesirable at low frequencies creating acoustic noise in electromagnetic systems.
Implementation results on a 2hp, permanent motor indicates that magnetostrictive forces are significant and amount to more than 50% force level increase above electromechanical force levels without consideration of magnetostriction. A combined passive and active damping strategy was proposed by Bhattacharya et al. [8] . The performance of giant magnetostrictive materials namely TerfenolD was affected by preloading applied to the material. Finite element simulations on a cantilever beam model were carried out to study dynamic characteristics in combined damping scenario. A novel approach to monitoring and controlling the preloading in a compact giant magnetostrictive positioner was presented by Yamamoto et al. [9] . The proposed method not only provides a means to make a precise measurement of the preloading but also constitutes a sensing capability with which the displacement of the positioner itself can be measured. Finite element analysis was performed to incorporate new design changes to make sure that the giant magnetostrictive element can be driven in an efficient manner.
Sunar et al. [10] demonstrated that a thermopiezomagnetic medium can be formed by bonding together a piezoelectric and magnetostrictive composite. Finite element equations for thermopiezomagnetic media were obtained using linear constitutive equations in Hamilton's principle together with the finite element approximations. It was also shown that an electrostatic field applied to piezoceramic layer causes strain in structure that in turn produces magnetic field in the magnetoceramic layer.
In this paper the constitutive equations are formulated for magnetostriction medium composed of CoFe 2 O 4 and are mounted on cantilever beam. Finite element method is used to simulate the dynamic response for the composite smart structure subjected to sinosoidal and step force inputs. Application of force generates magnetic field in the magnetostrictive material resulting in magnetic response in X and Y directions. FFT is performed to obtain the PSD response and is used to compare with the displacement response.
Constitutive equations of magnetostriction
The following constitutive equations are obtained for a magenetostrictive medium
Where c, l and µ −1 are the constitutive coefficients, and T, S, H and B are the vectors of stress, strain, magnetic field intensity and magnetic flux density respectively. The thermodynamic potential G is given by the following equation
The generalized Hamilton's principle has the following forms
Where Ki is the kinetic energy and π is an energy functional and are given by
where P b and P s are the vectors of body and surface forces; u and A are the vectors of mechanical displacement and magnetic potential; n is the vector normal to the surface, J is the current density and H E is the matrix of external magnetic field intensity and is given by
The variations in G and Ki are given by
and
Substitution of the above equations in Eq. (3) results in the following equation
Introducing the following relations (9) gives the following equation
Finally the following equations are obtained for the mechanical and magnetic fields.
Finite element equations for magnetostriction medium
The variables of the finite element formulation are chosen as u and A for the mechanical and magnetic fields, respectively. The following approximations are written for each finite element
Where the subscript e and i respectively stand for the element and nodes of the element, and N 's are the shape function matrices whose subscripts denote the associated mechanical and magnetic fields. The following relations are also written
Finally the following coupled finite element equations are obtained (after assemblage)
Where F and M represent the mechanical force and magnetic current, respectively, u and A are the global vectors of displacement and magnetic vector potentials. The element matrices are given by 
Case study
A composite beam shown in Fig. 1 is taken as an example to illustrate the use of magnetostriction equations given in previous sections. The cantilever beam is composed of two bonded layers of magnetostrictive layers (CoFe2O4) on the top and bottom at the root of the beam. Material properties of these materials are assumed as in Table 1 [2] . The dimensions of the beam are also given in Table 1 .
The beam and the magnetostrictive ceramic are divided into 8 elements. The beam has 2 elements inside the root and 6 outside, and there are 4 magnetostrictive elements meshed above and bottom of the steel beam. There are 26 mechanical degrees of freedom (DOF) and 24 magnetic DOF. A finite element program is written in Matlab to determine the displacement and magnetic response when subjected to different force inputs. For transient response, a step force is applied at the tip of the beam in the vertical upward direction. The vertical tip deflection of the beam and magnetic response generated by the upper sensor at node 9 are computed using Matlab program. The FFT's for these responses are also found through Matlab program. The steady state response of the system is found by applying sinusoidal force at the tip of the beam in the vertical upward direction. The force is assumed to be of the form
Where w is the forcing frequency in rad/s. In the present case study w is taken as 20 Hz. The magnetic response is again computed at node 9.
(a) (b) 
Results and discussions
Displacement Response: Figure 2a shows the displacement response and the PSD for sinusoidal force input. The response is steady and the response of the output adopts the frequency of the input hence the peak is attained as 20 Hz. Figure 2b shows the displacement response and the PSD for step force input.
The displacement response attains a peak of 2.9 mm and dies down gradually. As expected the PSD is very high initially and the first mode of natural frequency is observed at 60 Hz. The displacement response attains a peak of approximately 3 mm and dies down gradually because of the damping introduced in the system.
Magnetic Response in X direction at node 9: Figure 3a shows the magnetic response in X direction when subjected to sinusoidal force input. The response is steady with a magnitude of 1.25 × 10 −5 (Wb/m) and the maximum peak is observed as before at 20 Hz indicating the system is responding with the same frequency as the input frequency. The magnitude of the energy as found from the PSD is 2.75 × 10 −8 . Figure 3b shows the magnetic response in X direction for step force input. In contrast to displacement response the magnetic response is negative reaching a peak of −2.25 × 10 −5 (Wb/m) at 0.009 s. The PSD response is similar to that of displacement with the peak observed at 60 Hz which is the first natural frequency.
Magnetic Response in Y direction at node 9: Figure 4a shows the magnetic response in Y direction when subjected to sinusoidal force input. The steady response reaches a peak of about 3 × 10 −6 (Wb/m) at 20 Hz frequency. The magnitude of energy as revealed by the PSD is 1:5 × 10 −9 . Figure 4b shows the magnetic response in Y direction for step force input. The maximum magnetic response is observed at 0.008 s and is of the order of −5.2 × 10 −6 (Wb/m). Similar to the discussed two types the maximum peak of PSD is observed at 60 Hz. In general the magnitude of magnetic response in Y direction and its PSD has lesser magnitude than the magnetic response in X direction for all force inputs.
Conclusions
The linear constitutive equations of magnetostriction are presented. The differential equations governing the dynamic behavior of a magnetostrictive material are also given. The finite element method is applied to the material to obtain the coupled finite element equations, which are used in modeling and analyzing the numerical example used in the case study.
A cantilever beam together with the pair of a magnetostrictive layer is used in the case study. The displacement as well as magnetic responses obtained as the case study show that a magnetostrictive layer can be used to monitor the transient (step) and steadystate (sinusoidal) responses of the beam in both X and Y directions. 
